Relativistic mean field theory is formulated with the Green's function method in coordinate space to investigate the single-particle bound states and resonant states on the same footing. Taking the density of states for free particle as a reference, the energies and widths of single-particle resonant states are extracted from the density of states without any ambiguity. As an example, the energies and widths for single-neutron resonant states in 120 Sn are compared with those obtained by the scattering phase-shift method, the analytic continuation in the coupling constant approach, the real stabilization method and the complex scaling method. Excellent agreements are found for the energies and widths of single-neutron resonant states.
I. INTRODUCTION
With the development of the radioactivity ion beam facilities, the study of exotic nuclei with unusual N/Z ratios has attracted world wide attention. Unexpected properties very different from those of normal nuclei have been observed, such as halo phenomena [1] , giant halo [2] , new magic number [3] , and deformed halo as well as shape decoupling [4] , etc.
In exotic nuclei, the neutron or the proton Fermi surface is very close to the continuum threshold, thus the valence nucleons can be easily scattered to the single-particle resonant states in the continuum and the couplings between the bound states and the continuum become very important [2, [5] [6] [7] [8] . For example, the self-consistent relativistic continuum Hartree-Bogoliubov (RCHB) calculations suggested that the neutron halo in 11 Li is formed by scattering Cooper pairs to the 2s 1/2 level in the continuum [6] and predicted giant halos in exotic Zr and Ca isotopes, which are formed with more than two valence neutrons scattered as Cooper pairs to the continuum [2, 9, 10] . This novel giant halo phenomenon was further verified by non-relativistic density functionals [11] [12] [13] . It should be noted that, by including only the contribution of the resonant states, the giant halos were also reproduced by the relativistic mean-field calculations with pairing treated by the BCS method [14] . Therefore, the properties of the resonant states close to the continuum threshold are essential for the investigation of exotic nuclei.
Based on the conventional scattering theories, many approaches, such as R-matrix theory [15, 16] , K-matrix theory [17] , S-matrix theory [18, 19] , and Jost function approach [20, 21] , have been developed to study the single-particle resonant states. Meanwhile, the techniques for bound states have been extended for the single-particle resonant states, such as, the analytic continuation in the coupling constant (ACCC) approach [22] [23] [24] [25] , the real stabilization method (RSM) [26] [27] [28] [29] [30] [31] [32] , and the complex scaling method (CSM) [33] [34] [35] [36] [37] [38] .
Combining with the relativistic mean field (RMF) theory which has achieved great successes in describing both the stable and exotic nuclei [8, [39] [40] [41] [42] , some of the above methods for single-particle resonant states have been introduced to investigate the resonances.
As examples, the RMF-ACCC approach is used to give the energies and widths [43] as well as the wave functions [44, 45] of resonant states. Similar applications for the Dirac equations with square well, harmonic oscillator and Woods-Saxon potentials can be seen in Ref. [46] . The RMF-RSM approach is introduced to study the single-particle resonant states in 120 Sn [47] . The RMF-CSM is developed to describe the single-particle resonant states in spherical [48, 49] and deformed nuclei [50, 51] . The single-particle resonant states in deformed nuclei have been investigated by the coupled-channel approach based on the scattering phase-shift method as well [52] .
Green's function method [53] is also an efficient tool for single-particle resonant states.
Non-relativistically and relativistically, there are already many applications of the Green's function method in nuclear physics to study the contribution of continuum to the ground states and excited states. self-consistent continuum Skyrme-HFB theory with Green's function method, which is further extended for odd-A nuclei [65] . Relativistically, based on the Green's function of the Dirac equation [66] , the relativistic continuum random-phase-approximation (RCRPA) was developed to study the contribution of the continuum to nuclear excitations in Refs. [67, 68] .
The advantages of Green's function method include treating the discrete bound states and the continuum on the same footing, providing both the energies and widths for the resonant states directly, and having the correct asymptotic behaviors for the wave functions.
In this work, we formulate the RMF theory with the Green's function method (RMF-GF) in coordinate space to investigate the single-particle resonant states. Taking the nucleus 120 Sn as an example, the energies and widths for neutron resonant states will be obtained from the density of states calculated by the Dirac Green's function, and compared with those by the RMF-S method [19] , the RMF-ACCC approach [44] , the RMF-RSM [47] , and the RMF-CSM [48] . In Sec. II, we give briefly the formulations of the RMF theory and the Green's function method. Numerical details are presented in Sec. III. After the results and discussions in Sec. IV, a brief summary is drawn in Sec. V.
II. THEORETICAL FRAMEWORK A. Relativistic Mean-field Theory
In the RMF theory [8, [39] [40] [41] [42] , nucleons are described as Dirac spinors moving in a mean potential characterized by the scalar potential S(r) and vector potential V (r). The Dirac equation for a nucleon is,
where α and β are the Dirac matrices, M is the nucleon mass. The Dirac equation including the potentials, wave functions, and densities is iteratively solved with the no-sea and the mean-field approximations in either the coordinate space [69] or a basis by expansion [70] [71] [72] .
For exotic nuclei with large spacial extension, it is not justified to work in the conventional harmonic oscillator (HO) basis. Instead, one can work either in the coordinate space [69] , or the improved HO wave function basis [71] , or other bases which have correct asymptotic behaviors such as the Woods-Saxon basis [72] .
In the coordinate space, one usually solves the Dirac equation (1) by the shooting method with the box boundary condition and obtains the discretized eigensolutions for the singleparticle energy and their corresponding wave functions [73] . If the box is large enough, the shooting method with box boundary condition in the coordinate space is exact for bound states and can describe the exotic nuclei well. However, in this method, the continuum is discretized and there is no information for the widths of resonant states. In order to get the widths for the resonant states, one needs to combine the RMF theory with other methods such as the ACCC approach [44] , the RSM [47] , and the CSM [48] .
B. Green's Function Method
The relativistic mean field theory formulated with the Green's function method provides an efficient way to study the single-particle resonate states with correct asymptotic behaviors for the wave functions. The Green's function G(r, r ′ ; ε) describes the propagation of a particle with the energy ε from r to r ′ . The relativistic single-particle Green's function, i.e., Green's function for Dirac equation, obeys 
where i is summation for the discrete states and integral for the continuum explicitly.
Green's function in Eq. (3) is analytic on the single-particle complex energy plane with the poles at ε i .
According to Cauchy's theorem, the scalar density ρ s (r, r ′ ) and vector density ρ v (r, r ′ )
in the RMF theory can be calculated by the integrals of the Green's function on the singleparticle complex energy plane,
where G (11) (r, r ′ ; ε) and G (22) (r, r ′ ; ε) are respectively the "11" and "22" components of G(r, r ′ ; ε), C is the contour path for the integral. Integrating the vector density ρ v (r, r) over r in coordinate space gives the particle number inside the contour path C,
For a given nucleus, the contour path C in Eq. (4) is chosen to enclose all the occupied bound states with energy ε i ≤ λ as shown in Fig. 1 , where the Fermi surface λ is determined by the particle number N.
With the spherical symmetry, Green's function and densities can be expanded as where Y l jm (θ, φ) is the spin spherical harmonic and quantum number κ is defined as
According to Eqs. (4a) and (4b), the radial parts of the local scalar density ρ s (r) = ρ s (r, r) and vector density ρ v (r) = ρ v (r, r) by the Green's function are
κ (r, r; ε) − G (22) κ (r, r; ε) ,
κ (r, r; ε) + G (22) κ (r, r; ε) .
From the densities given by the Green's function, one can calculate the single-particle potentials V (r) and S(r) in Eq. (1), and the Dirac equations are solved again to provide new Green's functions. In this way, the RMF coupled equations can be solved by iteration self-consistently.
In the RMF-GF method, the energies and widths of single-particle bound and resonate states can be obtained from the density of states n(ε) [53] ,
where ε i are the eigenvalues of the Dirac equation, ε is taken along the real-ε axis, i is summation for the discrete states and integral for the continuum explicitly, and n(ε)dε gives the number of states in the interval [ε, ε + dε]. For the bound states, the density of states n(ε) exhibits discrete δ-function at ε = ε i , while in the continuum n(ε) has a continuous distribution.
By introducing an infinitesimal imaginary part "iǫ" to energy ε, it can be proved that the density of states n(ε) can be obtained by integrating the imaginary part of the Green's function G(r, r; ε + iǫ) over r,
With the spherical symmetry, Eq. (9) becomes
where the density of states for each κ is
κ (r, r; ε + iǫ) .
For given energy ε and quantum number κ, the radial Green's function G κ (r, r ′ ; ε) for the Dirac equation can be constructed as [66] [67] [68] ,
where θ(r − r ′ ) is the step function, φ
κ (r, ε) and φ (2) κ (r, ε) are two linearly independent Dirac spinors
obtained from asymptotic behaviors at r → 0 and r → ∞ respectively. The r-independent W κ (ε) is the Wronskian function defined by
The Dirac spinor φ
κ (r) is regular at the origin and φ
κ (r) at r → ∞ is oscillating outgoing for ε > 0 and exponentially decaying for ε < 0. Explicitly, Dirac spinor φ
where
j+l+1/2 , and j l (kr) is the spherical Bessel function of the first kind [74] .
for ε > 0 and
for ε < 0. Here,
l (kr) is the spherical Hankel function of the first kind, and K l+ 1 2 (Kr) the modified spherical Bessel function [75] .
III. NUMERICAL DETAILS
Taking the nucleus 120 Sn as an example, the energies and widths for the single-neutron resonant states are investigated by the RMF-GF method with effective interactions PK1 [76] and NL3 [77] . The obtained results are compared with those by the shooting method with box boundary condition for the bound states and those from the RMF-S method [19] , the RMF-ACCC approach [44] , the RMF-RSM [47] , and the RMF-CSM [48] for the resonant states.
In order to construct the radial Dirac Green's function of Eq. (12) in the coordinate space, Runge-Kutta algorithm with space size R max and step dr = 0.1 fm is used to obtain the two independent solutions φ
κ (r) and φ
κ (r) from asymptotic behaviors of Dirac spinor at r → 0 (Eq. (15)) and r → ∞ (Eqs. (16) and (17)) respectively. To perform the integrals of the Green's function in Eq. (7), the contour path C is chosen to be a rectangle on the single-particle complex energy plane as shown in Fig. 1 . The width γ is taken as 0.1 MeV.
To enclose all the occupied single-particle levels, the path starts from the bottom of the mean potential e − cut ∼ V (0) + S(0) and ends around the particle Fermi surface e + cut ∼ λ. The energy step is taken as dε = 0.005 MeV on the contour path. To calculate the density of states n κ (ε) along the real-ε axis, the parameter ǫ in Eq. (11) is taken as 1 × 10 −6 MeV and the energy step along the real-ε axis is 1 × 10 −4 MeV.
IV. RESULTS AND DISCUSSION
Taking 120 Sn as an example, we will study the energies of single-neutron bound states and the energies and widths of single-neutron resonant states from the density of neutron states n κ (ε). resonant state in 120 Sn can be excluded.
In Fig. 2 , the densities of neutron states for s 1/2 block in 120 Sn in the continuum are compared with those obtained with potentials V = S = 0 (denoted by the short-dashed line).
The centrifugal potential for the s 1/2 block is zero, and thus s waves are free wave functions for V = S = 0. For a free particle with mass m moving in one dimension space [0, L], its density of states can be expressed as a function of energy ε as n(ε) = L 2 √ 2π m ε [78] , which suggests a divergence with ε → 0. From Fig. 2 , it can be seen that, similar to n κ (ε) for 120 Sn, the density of states obtained with V = S = 0 ( short-dashed line) also shows a peak close to threshold, which changes with R max . This suggests that the peak of n κ (ε) close to threshold for s 1/2 block in 120 Sn comes from the non-resonant continuum, similar to a free particle without confining potential. The different heights of the peaks for 120 Sn and V = S = 0 are due to the different depths of the potentials.
To further understand the density of neutron states for s 1/2 block in 120 Sn, we show in Fig. 3 the integrands in Eq. (11), i.e., Im[G (11) κ (r, r; ε + iǫ) + G (22) κ (r, r; ε + iǫ)], for ε = −57.70 MeV(a), 0.30 MeV(b) and 2.00 MeV(c), which respectively correspond to the bound state 1s 1/2 , the peak of n κ (ε) in the continuum in Fig. 2(b) , and an arbitrary energy in the continuum. Calculations are done with R max = 15, 20, and 25 fm. For comparison, the integrand obtained with V = S = 0 and R max = 25 fm is also shown as the short-dashed lines. The integrand Im[G (11) κ (r, r; ε + iǫ) + G (22) κ (r, r; ε + iǫ)] , which corresponds to the vector density of Eq. (7b) at energy ε, is calculated from the single-particle wave functions at energy ε by Eq. (12) . The integrand at −57.70 MeV in Fig. 3(a) is peaked around r ∼ 3 fm and quickly decreases to zero for r > 7 fm, exhibiting the behavior of a bound state. In contrast, the dominant parts of the integrands at 0.30 MeV in Fig. 3(b) and 2.00 MeV in Fig. 3(c) are located in the region r > 7 fm and oscillating, similar to those short-dashed lines for the free particles obtained with V = S = 0. In panels (b) and (c), the small amplitudes in the region r < 7 fm and the different phases of the integrands for 120 Sn compared with those for V = S = 0 originate from the attractive potential [18] , which leads to the peak differences Im(g (11) +g (22) ) [fm near the threshold in the density of states for 120 Sn and V = S = 0 in Fig. 2 . It is noted that, for a given energy ε, the integrands are the same for different R max , which demonstrates that RMF-GF method properly treats the asymptotic behaviors of single-particle wave functions.
In In Fig. 5 , similar to s 1/2 block in Fig. 3 , the integrands Im[G (11) κ (r, r; ε + iǫ) + G with R max = 20 fm in Fig. 4(b) , and ε = 20 MeV an arbitrary energy in the continuum.
In Fig. 5(b) , similar to the bound state 1s 1/2 in Fig. 3(a) , the integrand for j 15/2 block at ε = 12.95 MeV is peaked around r ∼ 6 fm and quickly decreases, which demonstrates its resonant character. The oscillating tail of the integrands in Fig. 5(b) indicates its mixture with the non-resonant continuum. In Fig. 5(a) and Fig. 5(c) , the integrands at ε = 6.76 MeV and ε = 20 MeV are located mainly outside the nuclear surface. Similar to the discussions on the integrands for s 1/2 block in Fig. 3 , by comparing the integrands for j 15/2 block in 120 Sn with those obtained with V = S = 0, we can conclude that the spectra at ε = 6.76 Im(g (11) +g (22) ) [fm 
, h 9/2 , and h 11/2 blocks. The resonant states are observed in p 1/2 , f 5/2 , g 9/2 , i 11/2 , i 13/2 , j 13/2 , and j 15/2 blocks, in which there are peaks of n κ (ε) on top of those obtained with V = S = 0. Furthermore, the peak energies of these resonant states are independent on the R max .
In Table I , single-neutron energies for the bound states in 120 Sn extracted from the density of states n κ (ε) by the RMF-GF method with PK1 and R max = 20 fm in Fig. 6 (labeled as ε GF ) are listed, in comparison with those obtained by the shooting method with box boundary condition (labeled as ε box ). From the energy difference |∆ε| between ε GF and ε box in Table I , it can be seen that same energies are obtained for the deeply bound levels and differences exist for the very weakly bound levels 2f 7/2 and 3p 3/2 , indicating that large box size is necessary for the weakly bound states.
From the density of states, one can also extract the energies ε and widths Γ of singleparticle resonant states. Here, the width Γ is defined as the full-width at half-maximum (FWHM) of peaks. The background of the non-resonant continuum in the density of states,
i.e., that obtained with V = S = 0, is removed when reading the widths of resonant states. In Table II , we list the energies ε and widths Γ of single-neutron resonant states in 120 Sn extracted from n κ (ε) in Fig. 6 , in comparison with the previous results by the RMF-RSM [47] . It can be seen that the RMF-GF calculations provide an excellent agreement with the RMF-RSM method for the single-neutron resonant states. In Table II , we also list the results by RMF-GF calculations performed with NL3 and R max = 20 fm, and those from the RMF-S method [19] , RMF-RSM [47] , RMF-CSM [48] , and the RMF-ACCC approach [44] .
Similar to the results for PK1, the ones for NL3 by different methods provide remarkable In Fig. 7 , the single-neutron resonant states in 120 Sn calculated by the Green's function [48] , and RMF-ACCC [44] respectively represent results from the Green's function method, the scattering phase-shift method, the real stabilization method, the complex stabilization method, and the analytical continuation in the coupling constant approach based on the RMF theory with PK1 and/or NL3. All quantities are in MeV. In the RMF-GF method, the single-particle bound states and continuum are treated on the same footing. Taking the density of states for free particle as a reference, the energies and widths of single-particle resonant states are extracted from the density of states without any ambiguity. The results demonstrate that the Green's function method is suitable and reliable in describing single-neutron resonant states.
V. SUMMARY
In summary, the RMF theory formulated with the Green's function method in coordinate space is developed to investigate the single-particle resonant states. Taking the density of states for free particle as a reference, the energies and widths of single-particle resonant states are extracted from the density of states without any ambiguity. As an example, the obtained energies and widths for the single-neutron resonant states in nucleus 120 Sn are compared with those by the scattering phase-shift method, the analytic continuation in the coupling constant approach, the real stabilization method, and the complex scaling method.
Excellent agreements are found for the energies and widths of single-neutron resonant states by these methods.
